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Here the set of natural numbers {1,2,3,...} is denoted by N and the set of real numbers is
denoted by R.

1. Let K be the set of functions from {0,1} to N. Show that K is countable. Let M be the set
of functions from N to N. Show that M is uncountable. [15]

2. Let {v,}n>1 be the sequence defined by v1 =1 and v,41 = /02 + 2%, for n > 1. Show that
lim,,_, o v, exists. Find the limit. [15]

3. Let f,g : R — R be continuous functions. Show that h : R — R defined by h(z) =
min{ f(z), g(z)} is a continuous function. Show that the converse is not true. Show that if
f, g are differentiable at ¢ and f(c) # g(c) then h is differentiable at c. [15]

4. Let m : (0,1) — R be a continuous function. Suppose {m(x) : x € R} C N. Show that m is

a constant function. [15]
5. Suppose k € N and By, Bs, ..., By are strictly positive real numbers. Show that

(i) limp, 00 kv = 1;

(ii) imy oo (BY + BY + -+ + B,?)% = B where B =max {B; : 1 <j < k}. [15]
6. Let a,b be real numbers with a < b, and let f : [a,b] — R be a continuous function. Suppose

f is differentiable on (a,b) and f'(x) # 0 for every x € (a,b). (i) Show that f is one to one;
(ii) Show that either f'(z) > 0 for all x € (a,b) or f'(z) < 0 for all x € (a,b). [15]

7. State and prove Taylor’s theorem for real valued functions on open subintervals of R.  [15]





